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ABSTRACT 
The main purpose of this work is to characterize subvarieties of algebras with a distributive lattice 
reduct, by studying the partial order of their set of filters. 
1. INTRODUCTION* 
It is a well known result that the lattice of varieties of distributive pseudo- 
complemented lattices is a chain ~2~ i c ~8~ c L& c . . . c 2,, c . . . c ~8~; g’_ t is the 
trivial class of one-element algebras, L&, is the class of Boolean algebras, LZ$, is 
the class of all distributive pseudocomplemented lattices, and, for each 
n=1,2,3 ,..., 2Jn = 59@ MC,, in which K, denotes the class of n-normal lattices, 
that is, distributive lattices with 0 where every prime filter is contained in at 
most n maximal filters. ([lo]). In particular, B1 is the class of Stone algebras. 
This is a case where the partial order of the set of filters determines a chain 
of subvarieties of a given variety. The main purpose of this work is to exhibit 
other cases in which we have a similar situation. In $ 3, we define a distributive 
lattice L to be strongly n-normal if every prime filter in L is contained in at most 
n pairwise incomparable filters. We characterize this class of lattices, KA, in 
theorems 3.4, 3.5 and 3.7. 
* The results contained in this paper constitute part of the doctoral thesis of the author, presented 
to the Department of Mathematics at the University of Lisbon and written under the encouraging 
guidance of Professor J. Varlet. The author is endebted to Professors J. Berman and Ph. Dwinger 
for having read a first draft of this paper and for various suggestions made by them. 
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We then show that strong n-normality plays a role in the variety Xof Heyting 
algebras which is similar to that of n-normality in the variety ga. (theorems 
4.1 and 4.2.) Theorem 4.2. establishes some important facts about the chain of 
varieties of strongly n-normal Heyting algebras. 
In 0 5, we consider a variety Jr/of type (2,2,2,0) consisting of distributive 
lattices with 1 endowed with a new binary operation that generalizes the 
Heyting implication. We construct a chain of subvarieties 4 c . . . c Jv, c . . . c JV’ 
such that, for each n, every lattice in J1/, is strongly n-normal. We show that 
each of these varieties is arithmetic (i.e. congruence distributive and congruence- 
permutable). It is also shown that 4 can be regarded as the variety of all 
relatively normal lattices with 1. All such lattices of a given lenght 1 (that is, all 
relative Stone algebras of a given finite lenght) have been enumerated in 0 2, 
using a graph theoretical approach. 
Throughout this work, all lattices are distributive. We assume the reader to 
be familiar with basic results in lattice Theory and Universal Algebra, as well 
as with the definitions of pseudo-complemented lattices, relatively pseudo- 
complemented lattices and Heyting algebras. 
2. RELATIVELY NORMAL LATTICES 
Let us recall the following definition ([5], [l 1 I): 
2.1. A distributive lattice L is relatively normal if it satisfies any of the 
equivalent conditions: 
i) Each interval [x,y] of L is a normal (that is, l-normal) lattice. 
ii) For any elements x, y,z in L such that xvylz, there exist elements u, u in 
L such that uVv = z, uAy = v/\x=xAy. 
iii) Every proper filter containing a prime filter is prime. 
iv) The supremum, in the ideal lattice of L, of any two incomparable prime 
ideals of L, is L. 
v) The set of all prime filters containing a prime filter, partially ordered by 
inclusion, forms a chain. 
vi) The set of all filters containing a prime filter, partially ordered by inclusion, 
forms a chain. 
We observe that the set of prime filters of a relatively normal lattice L with 
0, partially ordered by Fr sF20 F, 1 Fz, is a disjoint union of rooted trees, in 
which the “roots” correspond to maximal filters. If L is finite, this set is 
isomorphic to the poset J(L) of join irreducible elements of L. Bearing in mind 
that any finite distributive lattice L is determined by the poset J(L), and, on the 
other hand, that /J(L)) equals the lenght of L ([7]), we will now be able to 
enumerate all relatively normal lattices of a given lenght 1. 
Let T,,, denote the number of distinct (non-isomorphic) rooted trees with m 
elements. (For the determination of T,,,, consult Graph Theory literature, for 
instance [S]). Each relatively normal lattice of lenght I corresponds to a disjoint 
union of rooted trees, such that the sum of the number of nodes in the trees 
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equals 1. Therefore, if nl denotes the number of all relatively normal lattices of 
lenght 1, we have nl 2 T, (In fact nl= T,+J 
Furthermore, for a given lenght I, T[ is the number of relatively normal 
lattices of lenght 1 such that J(L) is connected; those correspond to lattices 
which are not decomposable into a (non-trivial) direct product of lattices. And 
nl- T,= T,+l - T, gives us the number of those which are. [For 15 5, we get: 
TI=nl=l; T,=1,nz=2; T,=2,n,=4; T4=4,n4=9; T5=9,n,=20]. 
Also note that finite relatively normal lattices are relatively normal Heyting 
algebras, and those are exactly the (bounded) relative Stone algebras. This has 
been proved in [12] and will also follow from one of our next results (th. 4.2.). 
Therefore, the above procedure enables us to determine all relative Stone 
algebras of a given lenght, those which are decomposable and those which are 
not. 
3. STRONGLYN-NORMAL LATTICES 
The concept of relative normality can be extended, for each n E N, by means 
of a generalization of condition v) or of condition vi) of 2.1. 
In the first case we obtain those lattices in which every prime filter is con- 
tained in at most n pairwise incomparable prime filters. These are called 
relatively-n-normal lattices and have been studied in [6]. 
In the second case we obtain those lattices in which every prime filter is con- 
tained in at most n pairwise incomparable filters. These we call strongly n- 
normal lattices. The class of strongly n-normal lattices will be denoted by K;. 
We note that, for m in, Kh c KA, and that, for n = 1, strong normality and 
relative normality are the same. For n> 1, relative n-normality is “weaker” 
than strong n-normality. 
3.1. THEOREM. For each n> 1, n E R\l, there exists a lattice which is rela- 
tively 2-normal (and therefore, relatively n-normal) but not strongly n-normal. 
PROOF. Let c,+, be the chain with n + 1 elements, and Take L = (C,, 1 x 
xC,+,)O{el. L is relatively 2. normal. However, {e> is a prime filter con- 
tained in n + 1 incomparable filters. q 
Next we will prove a very useful lemma: 
3.2. LEMMA. In a lattice L, n filters Fi, . . . , F,, are pairwise incomparable if 
and only if there exists elements x1 E F,, x2 E F,, . . . ,x, E F, such that Xi6 Fj 
whenever i #j. 
PROOF. i # j and Fi c Fj*Xi E Fj, which contradicts the hypothesis. 
Now assume F,, . . . . F,, pairwise incomparable and let us construct the 
elements x1, . . . , x, . 
Since F, 5ZF2, there exists x12~ FI -F2. Similarly, there exists 
x13~FI-F3 ,..., x~,,EF,-F,,. 
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Consider 
x1 = A x1i; 
i=2 
~1 E Fr ; j# 1 and ~1 E Fj*+xlj E Fj, contradiction. 
In a similar way, we construct 
x2= ix. n-l 
i#2 2r’ ***’ 
X,= A X,i; (Xji~Fj-Fi). 
i=l 
i=l 
These elements satisfy the desired conditions. n 
Observe that the elements x1, . . . . x,, must form an antichain. Therefore, we 
have the following: 
3.3. COROLLARY. A distributive lattice of width in is strongly n-normal. 
(The converse is not true. Take the Boolean algebra 22). 
3.4. THEOREM. A distributive lattice satisfying the descending chain 
condition (in particular, a finite lattice) is strongly n-normal if and only if, for 
every join irreducible element x in L, the principal ideal (x] has width in. 
PROOF. Suppose P is a prime filter of L contained in n + 1 pairwise in- 
comparable filters F,, F,, . . . , F,,. By hypothesis all filters are principal. Thus 
P = [x), Fi = [Xi), i = 0, 1, . . . , n, and x is join-irreducible. 
[x) C [x~)wx~~xaxj~(x], i=O, 1, . . . . n. 
Since (x] has width in, there exists i#j such that XiSXj and therefore Fi > Fj. 
Now let XE J(L), and suppose there is an antichain consisting of n + 1 
elements x0, x1, . . . , x, in (xl. Then [x0), . . . . [x,) would be n + 1 incomparable 
filters containing the prime filter [x). n 
Let P be a prime filter of a distributive lattice L, and 0, the congruence 
defined in L by (a, b) E 0, e 3p E P: aAp = bl\p. 
3.5. THEOREM. A distributive lattice L is strongly n-normal if and only if, 
for every prime filter P G L, the quotient lattice L/+ has width 5 yt. 
PROOF. Suppose P is a prime filter contained in IZ + 1 pairwise incomparable 
filters of L, Fo, Fl, . . . , F,. By lemma 3.2. there exist elements Xi E Fi, 
i=O, 1, . . . . n, such that Xi6 Fj whenever i# j. Consider the classes [x0]+ . . . 
. . . . [x,]o,. By hypothesis, there exist i#j such that [Xi]@,< [Xj],. 
[X~AX~]~,=[X~]~,~~~EP:(X~AX~)AP=X~AP=(X~AP)AX~, and XiApSXj; 
PEP, SO pEFi, XiApEFi, and XjEFi, with i#j. 
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Now, let L be a strongly n-normal lattice, P a prime filter of L, and 
[xol@p9 ***, [x,]~, elements of L/o,. 
PEPV[Xo),Pv[x,), ***, Pv[x,), therefore there exists i#j such that PV[xi) I 
I PV[Xj), that is, 3p E P:Xi~Pplxi; then (Xihxj,Xj) E @p, since (Xirocj)AP= 
=XjAP; and [x&c~]+= [XjIe, so [Xj]o,S [xi]op (i#j). n 
3.6. COROLLARY. L is a strongly n-normal lattice if and only if, for any 
congruence 0 that collapses a prime filter P (that is, x,y~P*(x,y) EO), the 
quotient lattice L/* has width in. 
PROOF. Just note that 010, and L/@ is therefore a homomorphic image of 
L/*,. n 
Another characterization of strong n-normality is obtained by considering, 
for any two elements xi, Xj, of a distributive lattice L, the ideal 
Xi,j={tEL:tAXilXj)* 
3.7. THEOREM. A distributive lattice L is strongly n-normal if and only if, 
for any elements x0,x1, . . . . x, in L, 
\j X,j=L. 
i,j=O 
i+j 
PROOF. Suppose there is a prime filter P contained in n + 1 pairwise in- 
comparable filters PO, PI, . . . , F,. 
By lemma 3.2., there exist elements xi E Fi, i = 0, 1, . . . , n. such that Xi $ Fj 
whenever if j. Consider the ideals Xi,j defined by x0, x1, . . . , x,. By hypothesis, 
\j Xi,j’L. 
i,j=O 
i*j 
Take p E P, p is a supremum of elements belonging to the ideals Xi,j. P being 
a prime filter, one of these elements, say t, belongs both to P and to some Xi,j 
(ifj). We thus have tl\Xi’Xj, where both t and Xi belong to Fie Therefore 
XjEFi, izj. 
Now, let L be a strongly n-normal lattice. Suppose there are elements 
x0,x1, . . ..x. in L such that 
C Xi,j*L. 
i,j=O 
izi 
Then there exists a prime filter P disjoint from 
t Xi,je 
i,J=O 
itj 
Consider the filters PV[xi), i= 0, 1, . . . . n. 
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By hypothesis, 3i#j: PV[x,-) G PV[Xj), that is, 3p E P:XiTPA+, and there- 
fore pEPflXj,i. n 
4.STRONGLYiCNORMALHEYTINGALGEBRAS 
The characterization given in theorem 3.7. in terms of ideals enables us to 
show that, for each n E N, strongly n-normal Heyting algebras form an 
equational class of similarity type (2,2,2,0,0); observe that, if L is Heyting 
algebra, and Xi, xj are elements of L, than Xi,j = (xi+xj]. 
4.1. THEOREM. Let L be a Heyting algebra. L is strongly n-normal if and 
only if, for all x0,x1, . . . . x, in L, 
\j (xi-xi)= 1. 
i,j=O 
i*i 
4.2. THEOREM. 
a) For each n E N, the strongly n-normal Heyting algebras form a subvariety 
H,, of the variety H of Heyting algebras. Thus: 
vn~iN, H,=HflK;,. 
b) If nzzm, H,, c H,,,, and therefore: 
c) For each n E N, the subdirectly irreducible algebras in H,, are, the lattices of 
the form L,@ 1, where L, is a Heyting algebra of width in. 
d) A projective Heyting algebra is strongly n-normal.if and only if it has width 
sn. 
e) HI, defined by the identity (x-+y)~Q-)x) = 1, is the variety of relative 
Stone algebras (with 0). 
f) V H,,=H. 
nsN 
PROOF. a) follows from theorem 4.1. 
b) immediate. 
c) follows from the fact that the subdirectly irreducibles in H are of the 
form L = L’@ 1, L’E H, and from the definition of strong n-normality. 
d) follows from the fact that, in a projective Heyting algebra, {I} is a prime 
filter. 
e) immediate ([2], p. 176). 
f) follows from the fact that His generated by its finite members, and each 
of these belongs to some H,,, by 3.3. n 
Using the method of “intuitionistic translation”, K. Baker had proved in [l] 
that the subvariety of H generated by the class @Yof Heyting algebras having 
width I n is defined by the equation of 4.1. This is an immediate consequence 
of 3.3. and 4.2.~). In fact, H,, is generated by a subclass of %‘, namely, by the 
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lattices of the form L,@ 1, L, E Y. Also note that a Heyting algebra is gener- 
ally defined as having a zero. However, the existence of a 0 is not a consequence 
of the Heyting operation. All results in this paragraph remain true if we replace 
“Heyting algebra” by “relative pseudocomplemented distributive lattice with 
1” and “relative Stone algebras with 0” by “relative Stone algebras”. Finally, 
for II = 1, we obtain from 4.2.~) a result first proved by Katrinak ([9]): 
4.3. COROLLARY. The subdirectly irreducible relative Stone algebras are 
chains with a coatom. 
5.AVARIETY OF DISTRIBUTIVE LATTICES WITH ANEW BINARYOPERATION 
Let A be an algebra with a binary operation that can be viewed as some kind 
of a logical implication. Let us denote such an operation by -+. We call a non 
void subset S E A a deductive system if, whenever x E S and x-a E S, then a E S. 
5.1. PROPOSITION. 
a) In a Heyting algebra, an A-subsemilattice containing 1 is a deductive system 
if and only if it is a filter. 
b) In a Heyting algebra, a non-void subset closed under --+ is a deductive 
system if and only if it is a filter. 
PROOF. a) let F be a filter of a Heyting algebra L, and x,x-a EF. Then 
xA(x-+a)=xAaEF, so aeF. Now let XES, azx; x--+a=l, so XES and 
x+aES, therefore, by hypothesis, aE S; S being closed under A, it is then a 
filter. 
b) the “if” part is immediate. 
Now let x,y~S; x+(xAy) equals, in a Heyting algebra, (x-+x)A(x+y) = 
= (x-+y); by hypothesis, x+y ES; therefore x E S, x-+(xAy) E S, and xAy E S. 
Now let XE S, arx; note that S being closed under -+ means 1 ES, since 
1 =x-+x; therefore x E S, x+a = 1 ES so a E S. n 
We will define in a distributive lattice L a binary operation l that generalizes 
the Heyting implication. A minimum condition to be demanded is that the 
filters of the lattice should become deductive systems regarding 0. 
Thus, we must have, for all a, b in L, aA(a- b) I aAb (otherwise, there would 
exist a filter containing both a and a-b, and not aAb, and therefore not b). 
Note, on the other hand, that if we take as an axiom for the operation l the 
identity aA(a*b) = aAb, thus ensuring that filters are closed under 0, then, for 
each a # b, the element a*b belongs to the ideal X0, b. It has been seen in 0 3 
and $ 4 that these ideals are an important tool in the study of strong n- 
normality. 
So now we will define a variety of distributive lattices with a new binary 
operation 0, which can be considered as a generalization of the Heyting 
implication -+, since -+ satisfies the m-axioms. We will see that there exist, for 
each n E t?J, a subvariety consisting of strongly n-normal lattices, and containing 
HIZ- 
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5.2. Let Jl/be the variety of algebras (L; A, V, 0, 1) of similarity type (2,2,2,0), 
where (L; A, V, l),is a distributive lattice with 1, and l is a binary operation 
satisfying the following axioms: A) aA = aAb. B) a.a = 1. 
Note that every distributive lattice L with 1, can be made into an algebra of 
&’ by defining 
It is easy to see, for each ae L, that the map GO: L-+L given by @Jx) =a.x is 
a closure operator on L, the closed elements being G,(L) = (L - [a)) U { 1). 
The variety JY has the following properties: 
5.3. THEOREM. Let 0 be a congruence of an algebra L of JI/: The following 
are equivalent: 
4 (x,Y)E@ 
b) (x”~)AOtox) e 1110 
c) There exists f E [l]@ such that fAx=fAy. 
PROOF. a)* b): 
(x,y)EO*(x~y,y~y)EOY(x~y,1)EO 
(X,y)EO’~.X,y.y)EO~~.X,l)EO. 
0 being in particular a lattice-congruence, [Ilo is a filter, and therefore 
(x”Yh(+Yox) E IlIe. 
b) * c): observe that 
((x.Y)A(J+Ax = xAYAQ~x) = xA(ylw) = XAY = ((~.y)A@*x))Ay. 
c)*a): suppose there exists fe L such that cf; 1) E 0 and f/uc=fAy. Then x 
and y are related by the (lattice) congruence R generated by the filter [l],. 
Since R 5 0, we must have (x, y) E 0. n 
5.4. COROLLARY. Let Y= L; A, V, 0, 1) E Jt/ and let 0 be any congruence 
relation for 9 Then 0 is the smallest lattice congruence for (L; A, V, 0, 1) that 
contains the filter [Ilo in a single congruence class. 
5.5. THEOREM. The variety &’ is congruence-distributive and congruence- 
permutable, and a Malcev term for Jt/ is p(x, y, z) = ((~x)Az)v(xA(~z)). 
PROOF. Congruence-distributivity is immediate, since these are algebras with 
a lattice-reduct. A Malcev term ([4]) must be such that p(x,y, y) =x and 
P(xtX,Y) =Y 
P(x, Y, Y) = a.Y'x)~YMxNY'Y~) = x 
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PC% X,Y) = WX)~YMXNX~YN =Y 
The existence of such a ternary term ensures congruence-permutability. n 
5.6. We now proceed to consider, for each n E iN, the subvariety .J, of J1/ 
formed by algebras (L; A, V, 0, l), where (L; A, V, 1) is a distributive lattice with 
1, and the binary operation l satisfies the axioms: 
A) For all a, b in L, aA(a*b) = aAb. 
B,) For all ao, al, . . . , a, in L, 
\j (apaj)= 1. 
ij=O 
itj 
Note that B,,=-B, V~EIN, and that nsm*N,, c-J$. 
5.7. THEOREM. For each n E N, 
a) Jv, lHnUD1,,, where D1,. stands for the class of all distributive lattices 
with 1 and width in. This means that each lattice belonging either to H,, 
or to D,,, can be made into an algebra of A$,. 
b) Every lattice in J, is strongly n-normal, that is, 
PROOF. a) The Heyting operation in algebras belonging to H,, satisfies both 
axioms A and B,,. 
. . 
Now let L be a lattice m Dr,.. Define a binary operation l by 
=l if xry 
=y otherwise. 
It is easily seen that l satisfies A and B,. 
b) Letxo,xl, . . . . x, be arbitrary elements of an algebra L in SJ,; by axiom A, 
Xi*Xj E Xi,, as defined in $ 3; SO, by axiom B,, 
1 E \j Xi,j* 
i,j=O 
itj 
and therefore, by theorem 3.7., L is strongly n-normal. q 
We see that, for each IZ E M, Hn c 1, nH; on the other hand, a strongly n- 
normal Heyting algebra is in H,, (4.1., 4.2); thus we have the following 
5.8. COROLLARY. For each n E R\I: 
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6.THEVARIETYOFRELATIVELYNORMALLATTICES 
Our last results yield, for IZ = 1: 
ff,=~nH. 
Moreover, Xi is the variety consisting of all relatively normal (distributive) 
lattices with 1: 
6.1. THEOREM. A distributive lattice L with 1 is relatively normal if and 
only if it is possible to define in L a binary operation l in such a way that the 
algebra (L; A, V, 0, 1) belongs to 4. 
PROOF. “if’? follows from theorem 5.7.b) for n = 1. Let L be a relatively 
normal lattice with 1. It is easy to see that condition 2.1 .ii) characterizing 
relative normality, is equivalent, when 1 EL, to the following: given x,y~,!,, 
there exist elements U, u EL such that uvv = 1, u~y = uhx = xl\y. 
Let I= {{x,y} :x,y~L, xZy>. There exists a map @: I-+d such that 
@({x,Y))= 1 l h u, o w ere uVu = 1, uAy = vAx=xAy. It is easily checked that 
(u, u} E s?, that is, u# u. 
Now, to each A = {x,y) E&, we associate a map VA :A+@(A), given by 
WA(x) = 24, vA(y) = 0. Let us define 
I 
=l ifxsy 
X.Y =y if x>y 
= v{x,u}Q if XZY. 
To show that this operation satisfies A and B,, we consider the 3 possible 
cases corresponding to x~y, x>y, x$y. We will do the proof here for x$y, 
the other cases being trivial to check. 
axiom A: xA(x~y)=xA~~,,~(y)=xAo=xAy. 
=iom 4 : (x99W~x) = v/{x,y+.Wv/~xx$4 = ~~x,,~QW~x,,~(4 = ah.4 = 1. n 
The question arises which relatively normal lattices with 1 satisfy the 
following property: 
P: For each set {x,y} of incomparable elements, there is exactly one set {u, o> 
(of incomparable elements) such that uVu= 1, uAy= oAx=xAy. [Bearing in 
mind those conditions, note that P would not be altered by replacing 
“set { , 1” by “pair ( , )“I. 
Recall that a lattice with 0 is non-dense if there exist elements xf 0, y # 0 such 
that xAy = 0. 
6.2. THEOREM. Let L be a non-dense lattice, L E B,. L has property P if 
and only if L is isomorphic to the direct product of two (bounded) chains. 
PROOF. First assume L = Ct x C,, and let (x1,x&, (yr,yz) be two incomparable 
elements of L. We must have either x1 <yl, and x2>y2, or x1 >yl and x2<y2. 
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Consider for instance the first case, and take u =(x1, l), v=(l,y2). It is easily 
seen that (u, o) satisfies the required conditions. Now take 
04 u’) + ((x1,1), UrY2)h 
and satisfying the same conditions. Suppose, for instance, u’= (u;, ui) # (xi, 1). 
Then, either U; # 1, (a), or u; #xi, (b). 
Case (a): 24; # 1 =$ 0; = 1 * t&Ax2 =x2; on the other hand, (ui, u5)l\(x,,x2) 
should equal (x1,x2)/\(yr,y2), and y2 #x2. 
Case (b): u; #xi. Note that (u;, u5)A(yI,y2) = (x1,y2), therefore ui~y, =x1; 
since these elements belong to a chain, either y1 =x1 or u; =x1. 
Now, suppose there exists a EL - (0) such that the pseudocomplement a* is 
not 0; note that property P ensures relative normality, that a relatively normal 
lattice with 0 is normal, and that a pseudocomplemented normal lattice is a 
Stone algebra ([lo]). Therefore, a* has a complement a**, and L-(a*] ~(a**] 
([2]). We now proceed to prove that these ideals are chains. Consider (a*], for 
instance. If a* is join irreducible, then [a*) is a prime filter and, L being rela- 
tively normal, (a*] must be a chain. If a*= bvc, bZ c, then consider (b, cVa**) 
and (bva**, cva**); note that bva**#b (otherwise b>a**, a**sb<a*). On 
the other hand: 
and 
bv(cVa**) = a*Va** = 1 = (bva**)v(cva**), 
bAc = (cVa**)Ab = (bVa**)Ac. 
This contradicts the hypothesis. n 
(Observe that the non-density of the lattice L is a necessary requirement. 
6.3. COROLLARY. The non-dense relative Stone algebras that satisfy 
property P are exactly those that can be obtained as the product of two chains. 
PROOF. Just note that a Heyting algebra is a pseudocomplemented lattice 
(where a* = a-+0). q 
If L is a bounded chain, it is easily shown that any binary operation on L 
satisfying axioms A) and B,) must be the Heyting operation. Now suppose L 
has at least two incomparable elements: 
6.4. PROPOSITION. Let L be a relatively normal distributive lattice with 1, 
and 
d= ({x,y):x,yEL,xsy). 
There is an injective map from the set @ of all maps 4:&-d, such that 
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@((x,y}) = {u, u} satisfies uVv= 1, uAy= vAx=xAy, to the set of all binary 
operations definable in L, and satisfying axioms A) and B,). 
PROOF. To each @ we assign an operation l like we did in the proof of 
theorem 6.1. @ 
If @++rp’, there exists {x,y) EJX! such that 
cb({x,~)) = {u, v), @‘((x,Y}) = {u: v’> and (u, 0) f {u: 0’). 
It is then easily checked that either x*y#x.y or y*xfy*x; therefore l # l . 
4 4J’ 4 @’ fP @’ 
n 
Now, let l be a binary operation on L satisfying A) and B,). Define 
4 : d+d by @({x,y}) = (x*y,y@x}. If x.y and y*x were comparable elements, 
one of them would equal 1, by B,). Suppose x*y= 1; x/\(x@y) =x=xl\y, by A). 
This contradicts the fact that {x,y> E&C Obviously #J is in the required con- 
ditions. 
If we define in the set Yof all binary operations on L satisfying A) and B,) 
an equivalence relation R by (0,‘) E R iff l and l agree on the subset 
12 1 2 
d= {{x,y} :xlly,x,y~L}, then the map @+[*lR establishes a bijection between 
@ and 5YR. @ 
The following result is now a consequence of theorem 6.2.: 
COROLLARY. In a product of two (bounded) chains, two binary, operations 
0, and l satisfying A) and B,) differ only in comparable elements, that is 
1 2 
a*b # a*b * a I b or b 5 a. Furthermore all such binary operations are identical 
1 2 
to the Heyting implication --) in the set d= {{a, b} :a(lb). 
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